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We present the exact solution ol the Klein-Gordon equation in D-dimensions in the presence of 
the noncentral equal scalar and vector pseudoharmonic potential plus the new ring-shaped potential 
using the Nikiforov-Uvarov method. We obtain the exact bound-state energy levels and the corre- 
sponding eigen functions for a spin-zero particles. We also find that the solution for this noncentral 
QQ ' ring-shaped pseudoharmonic potential can be reduced to the three-dimensional pseudoharmonic 
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INTRODUCTION 

In nuclear and high energy physics P, Q , one of the interesting problems is to obtain exact solutions of the relativistic 
wave equations Hke Klein-Gordon, Dirac and Salpeter wave equations for mixed vector and scalar potential. The 
Klein-Gordon and Dirac wave equations are frequently used to describe the particle dynamics in relativistic quantum 

■ mechanics. The Klein-Gordon equation has also been used to understand the motion of a spin-0 particle in large class of 
potentials. In recent years, much works have been done to solve these relativistic wave equations for various potentials 
by using different methods. These relativistic equations contain two objects: the four- vector linear momentum 
operator and the scalar rest mass. They allow us to introduce two types of potential coupling, which are the four- 

J>! ■ vector potential (V) and the space-time scalar potential (S). 
— ] For the case S = ztV, the solution of these wave equations with physical potentials has been studied recently. The 

■ exact solutions of these equations are possible only for certain central potentials such as Morse potential [3| , Hulthen 
potential 0], Woods-Saxon potential @, Poschl- Teller potential 0, reflectionless-type potential 0, pseudoharmonic 
oscillator [8[, ring-shaped harmonic oscillator [§1, Vb tanh^(r/ro) potential five-parameter exponential potential 



llj l , Rosen-Morse potential [12] , and generalized symmetrical double- well potential [l3| , etc by using different methods. 
It is remarkable that in most works in this area, the scalar and vector potentials are almost taken to be equal (i.e., 
5' = ^) SHI- However, in some few other cases, it is considered the case where the scalar potential is grea ter than the 
vector potential (in order to guarantee the existence of Klein-Gordon bound states) (i.e., S > V) [IB, 1^, 17, isl. [Tit. 
Nonetheless, such physical potentials are very few. The bound-state solutions for the last case is obtained for the 
exponential potential for the s-wave Klein-Gordon equation when the scalar potential is greater than the vector 
' potential [15]. 

. . ■ On the other hand, the other exactly solvable potentials are the noncentral ring-shaped potentials [23|. These 
potentials involve an attractive Coulomb potential plus a repulsive inverse square potential, that is, one like the 



Coulombic ring-shaped potential [21|, |22| revived in quantum chemistry by Hartmann et al |23j . The oscillatory 



ring -shaped potential studied by Quesne [2^ have been investigated using various quantum mechanical approaches 
[25| . In taking the relativistic effects into account for spin-0 particle in the presence of a class of noncentral potentials, 
Yasuk et al 261 applied the Nikiforov-Uvarov method ^27^ to solve the Klein-Gordon equation for the noncentral 



Coulombic ring-shaped potential [2l| for the case V = S. Further, Berkdemir [28| also applied the same method to 
solve the Klein-Gordon equation for the Kratzer-type potential. 

Recently, Chen and Dong [2^ proposed a new ring-shaped potential and obtained the exact solution of the 
Schrodinger equation for the Coulomb potential plus this new ring-shaped potential which has possible applica- 
tions to ring-shaped organic molecules like cyclic polyenes and benzene. This type of potential used by Ref. (29j 
appears to be very similar to the potential used by Ref. [26l| . Additionally, Cheng and Dai [30.] , proposed a new po- 
tential consisting from the modified Kratzer's potential [3l| plus the new proposed ring-shaped potential in [2^. They 
have presented the energy eigenvalues for this proposed exactly-solvable non-central potential in three dimensional 
Schrodinger equation using the NU method. The two quantum systems solved by Refs j2E, ^] are closely relevant to 
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each other as they deal with a Coulombic field interaction except for an additional change in the angular momentum 
barrier. In addition, the D-dimensional Schrodinger and Klein-Gordon wave equations have been solved for some 
types of ring-shaped potentials using the NU method [H,!!!!!!. 

The aim of the present paper is to obtain the exact bound-state solutions of the D-dimensional Klein-Gordon with 
an oscillatory-type plus new ring-shaped potential. The radial and angular parts of the Klein-Gordon equation with 
this type of noncentral potential are solved using the NU method. 

This work is organized as follows: in section , we shall present the Klein-Gordon equation in spherical coordinates 
for spin-0 particle with an equal scalar and vector oscillatory-type ring-shaped potential. We separate the wave 
equation into radial and angular parts. Section is devoted to a brief description of the NU method. In section , we 
present the exact bound-state solutions to the radial and angular equations in Z?-dimensions. Finally, the relevant 
conclusions are given in section . 



THE KLEIN-GORDON EQUATION WITH EQUAL SCALAR AND VECTOR POTENTIALS 



In relativistic quantum mechanics, we usually use the Klein-Gordon equation for describing a scalar particle, i.e., 
the spin-0 particle dynamics. The discussion of the relativistic behavior of spin-zero particles requires understanding 
the single particle spectrum and the exact solutions to the Klein Gordon equation which are constructed by using 
the four-vector potential Aa (A = 0,1,2,3) and the scalar potential (S). In order to simplify the solution of the 
Klein-Gordon equation, the four-vector potential can be written as — (Aq, 0,0,0). The first component of the 
four- vector potential is represented by a vector potential (V), i.e., Aq — V. In this case, the motion of a relativistic 
spin-0 particle in a potential is described by the Klein-Gordon equation with the potentials V and iS* ll|. For the 
case 5 > y, there exist bound-state (real) solutions for a relativistic spin-zero particle [H, [3, [l3, [3, Ei j • On the 
other hand, for S ^ V, the Klein-Gordon equation reduces to a Schrodinger-like equation and thereby the bound-state 
solutions are easily obtained by using the well-known methods developed in nonrelativistic quantum mechanics 

The Klein-Gordon equation describing a scalar particle (spin-0 particle) with scalar S{r, 9, ip) and vector V{r, 9, <p) 



potentials is given by j2l. \14\ 



{P' - [V{r, 9, ^) - Enf + [S{r, 9, ^) + ^lf}4'{r, 9, ^) 



0, 



(1) 



where /i is the rest mass. En is the relativistic energy, P is the momentum operator and S and V are the scalar and 
vectorial potentials. Alhaidari et al [T3] concluded that only the choice S = V produces a non trivial nonrelativistic 
limit with a potential function 2V and not V. Accordingly, it would be natural to scale the potential terms in Eq. (1) 
so that in the nonrelativistic limit the interaction potential becomes V and not 2V. 

Therefore, they modified Eq. (1) to read as follows (in the relativistic atomic units h = c = 1): 



^Vir,9,cp)-ER 



ls{r,9,ip) 



iP{r,9,ip) = 0. 



(2) 



After substituting S{r,9,(p) — V{r,9,ip), the equal scalar and vector potentials case, Eq. (2) becomes 

{V^ - {Er + ^l)Vir, 9, ip)+El -^I^} ^(r, 9, ip) = 0, 



(3) 



If we take the interaction potential in Eq. (3) as a general noncentral oscillatory-type ring-shaped potential, the 
_D-dimensional Klein-Gordon equation is separated into variables and the equation can be solved through the NU 
method. 

We take the interaction potential in Eq. (3) to be of an oscillatory-type plus new ring-shaped potential which is 
the potential of a diatomic molecule, (s^ : 



V{r,9,^)^Vi{r) + 



V2(9) , Vsiip) 



sin^ I 



(4) 



where A = OoTq ^ , B = ooTq, C = — 2an and /? is positive real constant with oq is the dissociation energy and rg is 
the equilibrium internuclear distance 33|, |34| . The potentials in Eq. (4) can be reduced to pseudoharmonic potential 
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in the limiting case of /3 = 3J|. Nonetheless, the energy spectrum for this potential can be obtained directly by 
considering it as special case of the general non-central seperable potentials [20| . 

Our aim is to derive analytically the exact energy spectrum for a moving particle in the presence of a non central 
potential given by Eq. (4) in a very simple way. We begin by considering the Schrodinger equation in arbitrary 
dimensions D for our proposed potential 32 1 



' D 



E -V{r) - ^¥(9) 



Qj,2 J. Qj. 



sin^-2 



sin^ 



(5) 



where fj, and E denote the reduced mass and energy of two interacting particles, respectively, x is a D-dimensional 
position vector with the hyperspherical Cartesian components xi, X2, - ' ' j xd given as follows [49| [? ]: 



xi = r costal sm6'2 • • • suiod-i, 



X2 — T sin 01 sin 02 • • • sin0£)_i. 



x^ = r cos 02 sm03 • • • sm0i3_i. 



Xj = r cosoj^i smf 



•sin0i5_i, 3 < j < i:* - 1, 



xd-1 = r cose/_D_2 smW£)_i, 



D 

XD — rcosdjj^i, 



2 2 



(6) 



for D = 2,S, ■ ■ ■ . We have xi — rcosip, X2 = r sin 1^9 for D = 2 and xi — rcos(/5sin0, X2 — rsin(y5sin0, X3 — rcost 
for D = 3. The Laplace operator Wj^ is defined by 



The volume element of the configuration space is given by 

D D-1 

Yl dxj = r^-^drdfl, dn='[[ {smOjy-^dej 

3=i J=l 



(7) 



(8) 
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where r g [0, oo), 9i g [0,2tt] and 9j G [0, tt], j G [2,D — 1]. The wave function ?/^^^^..^^_^ (x) with a given angular 
momentum i can be decomposed as a product of a radial wave function R({r) and the generalized spherical harmonics 



if) 



f//1,^_^(X) = r(£i,£2,- • • jD-2,e), I = |m| for I? - 2, 



which is the simultaneous eigenfunction of ; 



,Od-i), 



(9) 



0,1,--- ,4 = 0,1,--- ,4+1, fee [2,i?-2], 



4 = -^2,-4 + i,--- ,4-1,4 



(^) 



(10) 



where the unit vector along x is usually denoted by x = x/r. 

Hence for a nonrelativistic treatment with the potential given in Eq. (4), the Schrodinger equation in spherical 
coordinates is 



1 dfo_,d\ £n-i{eD-i+D-2) , 2m . . , . ¥2(9) V^j^) 



X Riir) = 0, 



(11) 



where /i and Enh are the reduced mass and the nonrelativistic energy, respectively. The angular momentum operators 
L2 are defined as [H, S IIS, S, [loj : 



del 



Li= V LL = i^^('sin'=-i0,AUi|i, 2<k<D-l, 



Lab 



d 



d 



OXb OXa 



(12) 



Making use of Eqs. (10) and (12), leads to the separation of Eq. (11) into the following set of second-order differential 
equations: 



d^^Oi ^ if) 

del 



m2$(6ii = (^) = 0, 



(13) 
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1 d 



Vi(Vi+J-2) 



H{ej) = 0, je [2,D-2], 



(14) 



sm tj]j_i 



-p- cos^ 6Id_i 



H{9d-i) - 0, 



(15) 



1 d f^D-i '^i 



dr 



Ri{r) 



1^ 



Enr 



A B 



i?(r) = 0, 



(16) 



with and Xg = £{£ + D — 2) are two separation constants whereas /i and Enr are the reduced mass and the 
nonrelativistic energy, respectively. 

On the other hand, in the relativistic atomic units (h — c — 1), the D-dimensional Klein-Gordon equation in Eq. 
(1) becomes (H] 



1 d f D-i9\ e{e + D~2) 



j,D 1 Qj, 



dr 



' (Er + A^) (^i(r) + + {El I ^^jjr, 0, ^) = 0. (17) 

With the total wave function has the same representation as in Eq. (9) but with the transformation £ £, 



D-l 



^P^jjr,e,^) = Rj{r)Yf{6,^), Rj{r) = r-(°-'^/'g{r), Yf{e,ip) = [] H,{eM^). 



(18) 



i=2 



and employing the method of separation of variables leads to the following differential equations 25, 13, 41 1: 



d(p^ 



+ m^$(<^) = 0, 



(19) 



1 ( ■ i-ia ^ 
sm-* t/, 

sin^-i^, d9j \ 'dOj 



+ ^.-(^.+j-l) 



£,-i{£,-i+]~2) 



sm 



H(0,) = O, je[2,D~2], 



(20) 



sin^-2 Od-i dOo-i 



dOo-i 
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I/|,_2 + Cttj COS^ Od-1 



sin^ 9d-i 



H{eD-i) = 0, (21) 



1 d f^D-idRir) 



^ ^ dr \ dr 



Rj{r) = 0, (22) 



where a\ = ^ — En, a\ = ^-\- Er, m and t are constants with rn? and = l{i + D — 2) are the separation constants. 

Equations (19)-(22) have the same functional form as Eqs (13)-(16). Therefore, the solution of the Klein-Gordon 
equation can be reduced to the solution of the Schrodinger equation with the appropriate choice of parameters: ^ — > 
a\ —f —Enh and 

The solution of Eq. (19) is well-known periodic and must satisfy the period boundary condition <i>((^ -|- 2-k) — $(</?) 
which is the azimuthal angle solution: 

$,„(¥>) exp(±im(p), TO = 0, 1, 2, (23) 

V 27r 



Additionally, Eqs (20)-(22), the polar angle and radial equations, are to be solved by using NU method which 
is given briefly in the following section. 

NIKIFOROV-UVAROV METHOD 

The NU method is based on reducing the second-order differential equation to a generalized equation of hyperge- 
ometric type [2^, [l^, [i^ 0, [3] . In this sense, the Schrodinger equation, after employing an appropriate coordinate 
transformation s = s{r), transforms to the following form: 



(t(s)^"' ' (72(s) 



^nis) + T73<(^) + -YT^Ms) = 0, (24) 



where cr(s) and cr(s) are polynomials, at most of second-degree, and r(s) is a first-degree polynomial. Using a wave 
function, '0„(s), of the simple form 

V'«(s) = (/>Ti(s)2/„(s), (25) 
reduces (24) into an equation of a hypergeometric type 

ais)y:[{s) + Tis)y'Js) + Ay„(s) = 0, (26) 

where 

(f>'{s) 

t{s) = t{s) + 2tt{s), t'{s) < 0, (28) 

and A is a parameter defined as 

A = A„ = -nr'(s) - ^^^^^a"(s), n = 0,l,2,.... (29) 

The polynomial r(s) with the parameter s and prime factors show the differentials at first degree be negative. It 
is worthwhile to note that A or A„ are obtained from a particular solution of the form y{s) = yn{s) which is a 
polynomial of degree n. Further, the other part ?/„(s) of the wave function (25) is the hypergeometric-type function 
whose polynomial solutions are given by Rodrigues relation 
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yn{s) 



p(s) ds^' 

where _B„ is the normaUzation constant and the weight function p{s) must satisfy the condition [2I 



(30) 



^w{s) = ^^w(s), w(s) = ct(s)p(s). 
as a{s) 



The function tt and the parameter A are defined as 



(31) 



7r(s) = 7, ± 



cr'(s) — r(s) 



cr(s) + /c(t(s) 



(32) 



A = fc + 7r'(s). 



(33) 



In principle, since 7r(s) has to be a polynomial of degree at most one, the expression under the square root sign in 
(32) can be arranged to be the square of a polynomial of first degree 27|. This is possible only if its discriminant is 
zero. In this case, an equation for k is obtained. After solving this equation, the obtained values of k are substituted 
in (32). In addition, by comparing equations (29) and (33), we obtain the energy eigenvalues. 



EXACT SOLUTIONS OF THE RADIAL AND ANGLE-DEPENDENT EQUATIONS 
The solutions of the D-dimensional angular equations 



At the beginning, we rewrite Eqs. (20) and (21) representing the angular wave equations in the following simple 
forms 421 : 



^ + (. - «^ + (a. - ^) m) ^ 0, , e [2, - 2], > 3, 



(34) 



- + [V — 2)ctgOD-i- 



dOo-i 



e{£ + D-2)- 



A_D-2 cos^ 9d^i 

sin^ 9d-i 



H{0D-i) = 0, 



(35) 



where Ap = £p{£p + p — 1), p = j — 1, j which is well-known in three-dimensional space [50|. Equations (34) and (35) 
will be solved in the following subsection. Employing s = cos 9j , we transform Eq. (34) to the associated-Legendre 
equation 



d'^H{s) js dH{s) Aj - Aj_i - Aj 



ds2 



1 — ds 



(1 



-H{s) = Q, j€ [2,D-2],D>3. 



By comparing Eqs. (36) and (24), the corresponding polynomials are obtained 



-A,-s^ + A, - A 



i-i- 



(36) 



(37) 



Inserting the above expressions into Eq. (32) and taking cr'(s) = —2s, one obtains the following function: 



J -2 



A,-k 



s2 + fc - A, + A,_i. 



(38) 
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Following the method, the polynomial tt{s) is found to have the following four possible values: 



7r(s) = < 



+ Aj_i j s for fci = Aj — Aj_i, 

— Aj_i ) s for ki = Aj — Aj_i, 

2 

0-2) , 



2\2 



s + Aj_i for k2 = Aj + (^) , 
- Aj_i for k2 = Aj + {i^f , 



(39) 



where Ap = £p + (p — l)/2, with p = j — 1, j and j G [2, £) — 2], £) > 3 . Imposing the condition r'(s) < for Eq. (28), 
one selects the following physically valid solutions with r' = T'(fj_i); that is, a function of the angular momentum: 



ki = Aj — Aj-i and tt{s) 



J-2 



- Aj-i s. 



(40) 



This condition leads to writting 

r(s)=-2(l + A,_i)s. (41) 
Making use from Eqs. (29) and (33), the following expressions for A are obtained, respectively. 



A = A„, = 2nj{l + Aj_i) + fijirij - 1), j e [2, D - 2], £> > 3 



X = Aj- Aj-i - Aj-i + 
Upon comparing Eqs. (42) and (43), we obtain 

~ ^0 ~ •^j-i- 

Additionally, using Eqs. (25)-(27) and (30)-(31), we obtain 



J-2 



cl>{s) = {l-s^) 



, p{s) = {l-s^)'''-\ j&[2,D-2],D>Z. 



(42) 
(43) 

(44) 



(45) 



Besides, we substitute the wight function p{s) given in Eq. (45) into the Rodrigues relation Eq. (30) to obtain one of 
the wavefunctions in the form 



where An^ is the normaliation factor. Finally the angular wavefunction is 

(A,_l-(S^) 



^?n,(^i) = A^n,(sin%) 

with the normalization factor 



p(A,.,Ao-.)^^^^ej), J e[2,D-2], D>3 



'(2^' + l)r(f'-m') 



(2nj+2£j_i+j-l]nj^ 



2r{£' + m') ^ 2r(n,+2Vi+i-2) 



, je [2,D-2], D>3. 



(46) 



(47) 



(48) 



Likewise, in solving Eq. (35), we introduce a new variable s = cosOd-i- Thus, we can also rearrange it as the universal 
associated-Legendre differential equation 



(fH{s) {D - l)s dH{s) - s^) - A^ 



1 — ds 



+ 



D-2 



(1-S2)2 



H{8) = 0, 



(49) 
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where 



ly' ^i'{e' + D-2)=e{e + D-2)+(3al and A'^_2 = Ad-2 + Pc 



(50) 



Equation (49) has been recently solved in 2D and 3D by the NU method in 2^ 3^. However, the aim in this 
subsection is to solve it in Z3-dimensions. Upon letting Z? = 3, we can readily restore 3D solution given in [soj. By 
comparing Eqs. (49) and (24), the corresponding polynomials are obtained 



t{s) = -{D - l)s, cr(s)==l-s^ a(s) = -iy's2 + i,'_A'^_2- (51) 
Inserting the above expressions into Eq. (32) and taking <j'{s) = ~2s, one obtains the following function: 



(J -3) 
7r(s) = s± 



D^3 



- k 



§2 + A; - 



A' 



D-2- 



Following the method, the polynomial 7r(s) is found to have the following four possible values: 



7r(s) = < 



^+Az3_2js for fci = i/' - A^_2> 

- Az5_2) s for ki=v' - A^_2' 

2 ' 
(■P-3) 



+ Ad-2 forfc2 = t''+(^)', 
s-Ai5^2 for fc2 = i^' + (^)^ 



(52) 



(53) 



where Kd-2 = \J {^0-2 + "^V^j + Poii- Imposing the condition r'(s) < for Eq. (28), one selects the following 
physically valid solutions with t' = t'{£d^2)] that is, a function of the angular momentum. [si]] 



ki = - A^_2 and 7r(s) = ^— y— - A_d_2^ s, 

which yields from Eq. (28) that 

r(s) = -2(1 + Ai5-2)s. 

Making use from Eqs. (29) and (33), the following expressions for A are obtained, respectively, 



(54) 



(55) 



A = Kd-1 = 2n_D_i(l + A£._2) + no-iiriD-i - 1), 



(56) 



A = i^' - A'n_, - A 



L>-3 



D-2 ^ 



(57) 



We compare Eqs. (56) and (57) and from the definition v' = £'{£' + D — 2), the new angular momentum £' , £d-2 and 
i values are obtained as 



(D-2) 



rij + m' + — 



£' = -- 
2 



D-2 



+ Pal = no-i + m'. 
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D-3 



-D-2 



where i — £d-i, which can be easily reduced to the well-known definition 

£' ^71+ ^771^ + all3, 

where ri£)_i — ti, (d~2 = n^, = in' in 3D space [30]. Using Eqs. (25-(27) and (30)-(31), we obtain 



(58) 



(59) 



,) = (1 - s^) 



2N (2Ai,_2+3-r>)/4 



Pis) ^ {I ~ sY"-' 



(60) 



Besides, we substitute the wight function p{s) given in Eq. (60) into the Rodrigues relation (30) and obtain one of 
the wavefunctions in the form 



~Ao-2 



2\ — ^^r>-2 



— (1-.2) 



where Bno-i is the normalization factor. Finally the angular wavefunction is 



Hno-^iOD-l) = N^o-i (sin ^C-l)''"-^"^ P^^^^^ ■^"-^^ (cOS ^ij-l), 



where the normalization factor 



where m' is given in Eq. (58). 



[271B-1 + 2771' + l)?tj-l! 

2r {tid-i +2to') 



The eigenvalues and eigenfunctions of the radial equation 



(61) 



(62) 



(63) 



We seek to present the exact bound-state solutions, i.e., the energy spectra and radial wave function Rj{r) of the 
Klein-Gordon equation in Eq. (22) , by simply writting it in the following simple form 2^, 2^ 41 1 : 



(M- l)(Af-3) 
4^2 



B 



C 1 + alaj 



g{r) = 0, 



where 



M = D + 2L 



(64) 



(65) 



with £ is given in (58). It is worthwhile to note that for bound states, we require that the wavefunction g{r) must 
satisfy the boundary condition that gir) becomes zero where r ~f oo, and g{r) is finite at r = 0. Further, applying 
the following simple transformation of variables, s = r^, and making some algebraic manipulations, we may rewrite 
Eq. (64) in the standard form, 



(Pg(s) 1 dg(s) 1 ,- , , ^ 91 / n „ 
^ + 2;^ + (2^^ ' " ' ' - '^'^ = °' 



with the following definitions 



^2 ^ oi\{oi\ -I- C), 472 [M - 1)(M - 3) -I- 4Bal, c? = Aa\ 



(66) 



(67) 



Comparing Eq. (66) with Eq. (24), gives the following expressions: 



t(s) = 1, cr(s) = 2s, air) = -a^s^ - e^s - 7^. 



(68) 
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Substituting the above expressions into Eq. (32) gives 



1 , 1 



tt{s) = - ± -\/4a2s2 4(^2 _^ 2k)s + + 1. 



(69) 



Therefore, we can determine the constant k by using the condition that the discriminant of the square root is zero, 
that is 



fc - -y ± |V47' + 1, + 1 = (i? + 2j - 2)2 + ABal 
In view of that, we arrive at the foUowing four possible functions of tt{s) : 



(70) 



tt{s) 



-2 + 


as + 




hi 


for fci 


1 
2 


as + 




hi 


for ki 


k + 


as — 




hi 


for fc2 


1 
2 


as — 




hi 


for fc2 



1, 



(71) 



2 2 V ^ ' ' ^' 
for fc2 = -4 - f V47' + l- 



The correct value of 7r(s) is chosen such that the function r(s) given by Eq. (28) will have negative derivative [27 1. 
So we can select the physical values to be 



a 



47^ + 1 and 7r(s) 



as — — V^T^ 



which yield 



t(s) = -2as + 2 + V47M-I, t'(s) = -2q: < 0. 



Using Eqs. (29) and (33), the following expressions for A are obtained, respectively, 

A = A„ = 2an^ n = 0, 1, 2, ... 



A = -y- 3(2+^/4^^). 
So we can obtain the energy levels of the Klein-Gordon from the following relation 



4n + 2+W D + 2£-2 +A{ii + E„)B 



= ^/|7+E^,{^l- Er + C) , 



and hence for the pseudoharmonic plus the new ring-shaped potential, it becomes 



(72) 
(73) 

(74) 
(75) 

(76) 



4n + 2- 



£' + 2^-2 +'iaor^ifi + ER) 



= rQy/^ + ER^fj. - Er- 2ao) , 



(77) 



where i is given in Eq. (58). The energy Er is defined implicitly by Eq. (77) which is a rather complicated 
transcendental equation having many solutions for a given values of n and I. 

For completeness, we find that it is necessary to consider the solution for the central harmonic oscillator potential, 
V{r) = ^k'^r^ [33]. Therefore, applying the parameters transformation for this potential as:: A = ^k^ , B = C = f3 = 
and £ = £, the non central potential in (4) turns into the harmonic oscillator with Klein Gordon solution for the energy 
spectra as 

U2 



ill + Er) ill - ErY 



^[An + 2£ + D]\ n,^ = 0,l,2,.. 



(78) 
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On the other hand,^in the nonrelativistic hmit, applying the following appropriate transformation: /i + Ej^ 2fi, 
IJL- Er^ - Enr, £^£to Eq. (78) yields [Hij 



E 



NR 



k 



2n + f.+ 



D 



n,£ = 0,1,2,... 



(79) 



In addition, from Eq. (76), we obtain the solution for the pseudoharmonic potential {(3 — case) in the SlJ-Schrodinger 
equation as [34 1 



E 



NR 



-2ao + W ^ 



2n + l 



and for the ring-shaped pseudoharmonic potential (/? 7^ case) j25!] : 



(80) 



p - 9 ^ 

i^NR — ^^OO + \ 2 

V A^''o 



2n+ 1 



(^i + Vto2 + 2/z^ + +2^(aor2-/3) 



(81) 



where n and m are two constants coming from the solution of the angular wave equation with £ = n-\- ^ m? + 2/i/3. 

Further, inserting the values of cr(s),7r(s) and t(s) in Eqs (37), (40) and (41) into Eqs. (27) and (31), we obtain 
the wavefunctions 



(s) = s(«+i)/^e-"^/2 



(82) 



p(s) = s^/"e 



(83) 



where C = 1/47^ + 1. Further, from Eq. (30), we obtain 



(84) 



where 2A + 1 = C and consequently the wave function g(s) can be expressed in terms of the generalized Laguerre 
polynomials as 



g(.) = C„^.(^+i)/^e-"^/2L(^+V2)(„,)^ 
where for the ring-shaped pseudoharmonic potential we have 



C=^j[D + 2i-2)\ Aa,rl {^ + En),a^ + Er) 



Finally, the radial wave functions of the Klein-Gordon equation are obtained from Eqs. (9) and (85) as 

Ri{r) = C„^^+i-(^-i)/2exp(-arV2)4^+^/''(ar2), 

where (46ll47| 



(85) 



(86) 



(87) 



2c,A+3/2„! 



'^"^ V r(A + n + 3/2)' 



and we can finally obtain the re-normalized total wavefunctions 
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i^\l..io-2 W 2™'(n + m')! V (A + n + 3/2) 



Q,A+3/2„! 



^^A+i-P-i)/2 exp(-arV2)£i''+i/')(ar2) 



(2n,+2£,_i+j-l)n,! 

exp(±zm<y9) I I -, — ■ — 

,=2 \ 2T[nj+2lj-i+j-2 



(sin 6lj) 



(A.-i-^)p(A,-i,A,-i) 



(cos6ij) 



2r + 2m') 



(89) 



where A = i(C - 1). 



CONCLUSIONS 



We have calculated the exact bound-state energy eigenvalues and the corresponding eigenfunctions of the relativistic 
spin-0 particle in the _D-dimensional Klein-Gordon equation with equal scalar and vector ring-shaped pseudoharmonic 
potential using the NU method. The analytical expressions for the total energy levels and eigenfunctions of this 
system can be reduced to their well-known 3Z) Schrodinger equation. Further, the noncentral potentials treated in 
Ref. [20] can be introduced as perturbation to the pseudoharmonic potential by adjusting the strength of the coupling 
constant (3 in terms of ao, which is the coupling constant of the pseudoharmonic potential. The relativistic energy 
Efi defined implicitly by Eq. (76) is rather complicated transcendental equation and it has many solutions for any 
arbitrarily given values of n and i. Additionally, the radial and polar angle wave functions of the Klein-Gordon 
equation are found in terms of Laguerre and Jacobi polynomials, respectively. The method presented in this paper is 
general and worth extending to the solution of other interaction problems. This method is very simple and useful in 
solving other complicated systems analytically without given a restriction conditions on the solution of some quantum 
systems as the case in the other models. Therefore, we have seen that for the nonrelativistic model, the exact energy 
spectra can be obtained either by solving the Schrodinger equation in Eq. (11) (cf. Eq. (48) in Ref. [2^) or rather 
by applying appropriate transformation to the relativistic solution. Finally, we emphasize that the exact bound-state 
spectra obtained in this work might have some interesting applications in different branches like atomic and molecular 
physics and quantum chemistry. They describe the molecular structures and interactions in diatomic molecules ^48] . 

This research was partially supported by the Scientific and Technical Research Council of Turkey 
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